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The adhesively bonded tubular double lap joint has better torque transmission capability and reliability in 
bonding than the single lap joint. 

In this paper, an analytic solution for the torque transmission capability and stress distribution of the 
adhesively bonded tubular double lap joint was derived assuming linear properties of the adhesive. 

From the analytic solution, it was found that the torque transmission capability of the double lap joint was 
more than 40% larger than that of the single lap joint. 
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single lap joint; effect of adhesive and adherend thickness; theory. 
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INTRODUCTION 

Epoxy adhesives which are used to join mechanical elements are usually rubber 
toughened, which endows such adhesives with nonlinear properties. The mechani- 
cal elements joined by adhesives with nonlinear properties behave nonlinearly and 
the exact solutions of their behaviors can not be easily obtained. The exact solutions 
of the adhesively bonded joint were only possible with several assumptions such as 
linear elastic behaviors of the adhesive and the adherend. 

Many researches on adhesive joints were performed after Adams' obtained the 
elastic solution of the adhesively bonded tubular single lap joint. The time-dependent 
visco-elastic behavior of the adhesive was included in the investigation of the adhesive- 
ly  bonded joint by Alwar and Nagaraja.2 The torque transmission capabilities of 
partially-tapered tubular scarf joints were investigated by Adams and Peppiatt.' 

The behaviors of adhesively bonded joints whose adherends were made of compo- 
site materials were investigated by several  researcher^^^^.^ and several types of adhesi- 
vely bonded joints such as the double lap, the single lap, the scarf, and the stepped-lap 
joint were analyzed by Hart-Smith.6 The effect of the adhesive thickness and adherend 
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212 S. J. LEE AND D. G. LEE 

roughness on the torsional fatigue strength of the adhesively bonded tubular single lap 
joint was investigated by Lee et al.,’ and the failure model for the adhesively bonded 
tubular single lap joint was developed by Lee and Lee.8 

Even though there are many such investigations on adhesively bonded joints, the 
simple linear elastic solution developed by Adams’ is used in the first stage of design of 
the adhesively bonded joint because the dynamic or fatigue strength of the adhesively 
bonded tubular single lap joint can not be easily predicted using the accurately 
calculated static stress. 

Even though the linear analytic solution for the adhesively bonded joint has the 
defect that it underestimates the torque transmission capabilities, it is widely used 
because it is simple and reveals the design parameters. 

Therefore, in this paper, the shear stess distribution of the adhesively bonded tubular 
double lap joint under a torque was derived assuming linear properties of the adhesive. 
Also, the torque transmission capability of the adhesively bonded tubular double lap 
joint was calculated and compared with that of the single lap joint. 

STRESS AND TORQUE CALCULATIONS 

Figure 1 shows the configuration of the adhesively bonded tubular double lap joint 
and Figure 2 shows the deformation shapes and torque transmission variation of the 
sections at axial distances z and z + Az. 

In order to derive the analytic solution, two assumptions-that the adherends were 
under only the shear stress tg,, and that the adhesive was under only the shear stress T,.@- 
were made. The shear moduli of the adherend and the adhesive were represented by G,, 
and GI,, respectively. The analytic solution derived with the previous assumptions can 
be applied to the joint whose adherends are made of composite materials which have 
orthotropic properties. 

FIGURE 1 
adherend, Q and Q represent the outer and inner layers of the female adherend, respectively). 

Configuration of the adhesively bonded tubular double lap joint (0 represents the male 
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ADHESIVELY BONDED TUBULAR LAP JOINT 213 

section A section B 

FIGURE 2 Torques and shear strains on the cross-sections at z = z and z + Az of the adhesively bonded 
tubular double lap joint of Fig. 1. 

By the geometric compatibility of the joint in Figure 2, the following equations can 
be derived. 

where. 

'12 = Y l i  - r30 

r l i  and r2 i  are the inner radii of adherends @ and Q, respectively, r10 and r30 are the 
outer radii of adherends @ and 0, respectively, y, is the shear strain of the outer 
adhesive, Y b  is the shear strain of the inner adhesive, y l i  and y 2 i  are shear strains at  the 
inner surfaces of the adherends @ and Q, respectively, and y l o  and y3,, are the shear 
strains at the outer surfaces of the adherends @ and 0, respectively. 

Equations (1) and (2 )  can be simplified by taking the limit Az -0, as follows. 

l i  Y 3 0  (4) q 2 - = - y  + d y b  

dz 

Assuming the adhesive thickness is very small, the equilibrium conditions of Figure 2 
are expressed as follows. 

( 5 )  

(6)  

(7) 

T2 + AT2 - T2 = 5,2na2Az 

T3 + AT3 - T3 = zb2nb2Az 

TI + AT, - T, = - z,2na2Az - .r,2nb2Az 
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where, 

S. J. LEE AND D. G. LEE 

b=- ‘li + r30 

2 

and T, and T,, are the shear stresses in the outer and inner adhesive, respectively, T,, T2 
and T3 are the torques in the adherends 0,Q and 0, respectively. Taking the limit 
A z - 0 ,  Equations (5 ) ,  (6)  and (7) become as follows 

d T2 - = 2na2z, 
d z  

-- dT3 - 2nb22, 
d z  (9) 

Torques T,, T2 and T3 should satisfy the following equation. 

where J , ,  J ,  and J ,  are the polar moments of inertia of adherends 0. Q and 0, 
respectively, r l o  is the outer radius of the adherend 0, r2 i  is the inner radius of the 
adherend Q, r30 is the outer radius of the adherend 0, and zlo, z2 i  and z30 are the shear 
stresses of adherends at r = rlo,  r = rZi  and r = r30, respectively. 

Substituting Equation (3)  and z, = Gay, into Equation (8) yields the following 
relationship. 

q I T = 2 n a 2 q 1 -  d 2 T 2  dr ,  
d z  d z  

= 2na2q , G,- 4, 
d z  

Substituting the relationship d 2 T 2 / d z 2  = d 2 / d z 2  ( z 2 i J 2 / r 2 i )  into Equation (12) yields 
the following equation. 

When the outer and the inner adhesives are made of the same material (G, = G,,), 
substituting Equation (4) and zb = Gay, into Equation (8) yields the following 
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ADHESIVELY BONDED TUBULAR LAP JOINT 27s 

relationship. 
d2T3 d z ,  v 2  - = 2nb2v2 - 
d z 2  d Z  

d Y b  =2nb2v G - 
“ d z  

Substituting the relationship d2T3/dz2 = d2/dz2 (z3,,J3/r3,,) into Equation (14) yields 
the following equation. 

Since the relationship T= Tl + T2 + T3 holds throughout the joint length, and Tl = 0 at 
z = 1, the relationship of torques at z = I becomes: 

? 2 i I J 2  z301J3  T= T2, + T31 = - + - 
‘ 2  i r30 

From Equation (1 1)  and (16), the shear stress T~~ at r = r lo  becomes: 

Substituting Equation (17) into (13) yields the following equation. 

when r = r l i ,  the shear stress T~~ can be derived by the same method used in deriving 
Equation (17) as follows: 

Substituting Equation (19) into Equation (15) yields the following equation. 
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276 S. J. LEE AND D. G .  LEE 

Equations ( 1  8) and (20) can be simplified as follows: 

d2z2i  
dz2 
-- - a1z2i + a2 + a3 tJo  

-- - a4t30 + a s  + a g z 2 i  
2230 

dz2 

where, 

a2 = - 2na2G,--- 1 r 2 i  r l o  T 
111 J 2  G l J l  

a3 = 2xa2G,---- 1 r2i ‘10 J3  

‘ 1 1  J 2  r30 

as = - 2xb2G,--- 1 r l i  r30 T 
1 1 2 G l J l  J 3  

a6 = 2nb2G,---- 1 ‘30 r l i  J 2  

112 J3  G1J1 r 2 i  

From Equation (21), zJO can be expressed as 

(23) 

Substituting Equation (23) into Equation (22) yields the following fourth-order ordi- 
nary differential equation. 

T30 =-(- 1 d ’ ~ , ~  -c (152i  - 

a3 dz 

Equation (24) can be simplified using three parameters P1, p2 and P3 as follows: 

d 4 t 2 i  d2r2i 
dz4 dz -+ 8 1  T +  D2‘2i + 8 3  = 

where. 
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ADHESIVELY BONDED TUBULAR LAP JOINT 277 

The solution of Equation (25) is expressed as 

B 
B 2  

t Z i =  A.sinh(A,z)+ B.sinh(A,z)+ C.cosh(A,z) + D.cosh( i2z) -A (26) 

where 

A , , A 2  = /Z-qmz 
and, A, B, C and D are constants which can be determined by boundary conditions. 
The boundary conditions of Equation (26) are 

At z=O, z Z i = O  and z j 0 = 0  (27) 

Therefore, Equation (21) at z = 0 becomes 

(28) 
d 'zZi 
dz2 - = Cll t2 i  + cI2 + c(3530 = c12 

Since at  

Equation (21) at z = 1 becomes 

r30T + a2 + c ( 3 -  = cI1- 
'2iT 

J 2  + J 3  J 2  + J 3  

Substituting Equations (27) and (28) into Equation (26) yields the following equations. 

d2tZi -- - A:C + AZD = a2 
dZ2 

Substituting Equations (29) and (30) into Equation (26) yields the following equations. 

zzi=A.sinh(A,l)+ B.sinh(A,l)+ C.cosh(A,I)+ D.cosh(A,I)-> (33) P 
B 2  

d 2 z Z i  
- = AA: .sinh(A,l) + BA; .sinh(A,l) + CA:.cosh(A,l) + DA: .cosh(A,l) 
dz2 
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278 S. J. LEE AND D. G. LEE 

The integrating constants can be calculated from Equations (31), (32), (33) and (34) as 
follows: 

T 
1 airzi + a3r30 - l : r z i  

(1: - 1;) sinh(1,l) [ " - " - J Z  + J 3  
B =  

P 3  1;- - a, 
P Z  

1; - I: C =  

(35-a) 

(35-b) 

(35-c) 

(35-d) 

Substituting Equation (26) and the relationship T, = t Z i J 2 / r z i  into Equation (8), the 
shear stress z, at the outer adhesive can be calculated from the following 

[ A l l  cosh(1,z) + B1, cosh(1,z) + C I ,  sinh(I,z) + D1, sinh(I,z)] (36) J Z  

2nazr,, 
T ,  = ~ 

Substituting Equation (26) into Equation (23), the shear stress tJo of the adherend @ at 
r = rJ0  can be calculated as follows: 

1 
013 

T~~ = - {A(,?: - a l )  sinh(1,z) + B(A; - a,)sinh(l,z) 

Substituting Equation (36) and the relationship T3 = 530J3/r30 into Equation (9) yields 
the following shear stress distribution in the inner adhesive. 

{A(A: + a,) A, cosh(l,z) + B(R; + u2)12  cosh(A,z) J ,  
5* = 

2nbZr30a3 

+ C(Af + a3)  1, sinh(A,z) + D ( I :  + a4) i2 sinh(A,z)} 
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ADHESIVELY BONDED TUBULAR LAP JOINT 279 

The shear stress in adherend 0 can be calculated by substituting Equations (34) and 
(38) into Equation (1 1) as follows: 

up to now, shear stresses in adherends a, 0 and 0 as well as shear stresses in  the inner 
and outer adhesives were all found. 

NUMERICAL EXAMPLES 

The shear stress distributions in the adhesives of the adhesively bonded tubular single 
lap and double lap joints under torsional loadings were calculated, in order to compare 
the torque transmission capabilities of the joints. Dimensions of the joints used in the 
numerical example are shown in Table I and the symbols in Table I are depicted in 
Figure 1. Dimensions of the single lap joint were selected to be the same as those of the 

TABLE 1 
Simulation conditions of the torque transmission capabilities ofadhesively bonded tubular single and double 

lap joints 

Single lap joint Double lap joint Note 

r,,imm) 30.0 30.0 rod@ = 3.0 mm 
r,,imm) 27.0 27.0 
r,,imm) Not applicable 33.1134.0 toda = 3.0 mm 
r h m )  Not applicable 30.1134.0 
r3,imm) 26.9126.0 26.9126.0 todB = 3.0 mm 
r3iirnm) 23.9123.0 23.9123.0 
d m m )  0.1/1.0 0.1/1.0 two different 

Nmm) 40.0 40.0 
Shear modulus 76.9 76.9 Steel 

Shear modulus of the 0.46 1 0.46 1 I PCO 9923 

Shear strength of the 30.0 30.0 

t,, = thickness of the adherend 

adhesive thicknesses 

of the adherend (GPa)  

adhesive @Pa) Epoxy adhesive 

adhesive (MPa) 
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280 S. J. LEE AND D. G. LEE 

double lap joint except that the outer layer Q of the female adherend was removed from 
the double lap joint of Figure 1. Figure 3 shows the configuration of the single lap joint. 
The analytical solution of the single lap joint by Adams' is summarized in the 
Appendix of this paper. 

Although there are many parameters for the design of adhesively bonded tubu- 
lar double lap joints, such as rlo, r l i ,  r2*, r2i ,  rjor rjir G,, GI, G,, G ,  and I ,  in this paper 
the stress distributions of the single lap and double lap joints were calculated under the 
same torque, fixing these parameters with the typical design values. 

Figure 4 shows the shear stress distributions in the adhesives in joints when the 
applied torque was 1,000 N . m. From Figure 4, it was found that the magnitude of the 
shear stress of the double lap joint was less than that of the single lap joint, and both 
the single lap and double lap joints with 1.0mm adhesive thickness (Fig. 4b) had lower 
stress concentration than joints with 0.1 mm adhesive thickness (Fig. 4a). 

Table I1 shows the torque transmission capabilities of the joints when the adhesive 
shear strength was 30 MPa. In Table 11, the torque transmission capabilities of double 
lap joints with 0.1 and 1.0mm adhesive thicknesses were improved 46 and 61%, 
respectively, compared with those of the single lap joints. 

An efficiently designed adhesively bonded tubular double lap joint should have a low 
level of the shear stress distribution, and the magnitudes of the shear stresses in the 
inner and outer adhesive layers should be same, which can be accomplished by 
adjusting the thicknesses of the inner and outer layers of the female adherends. To this 
end, the thicknesses of the inner and outer layers of the female adherend of the double 
lap joint were varied from 0.5 to 4.0 mm with other dimensions and material properties 
fixed as shown in Table 111. The thickness of the male adherend was fixed at 3.0mm. 

Figure 5 shows the distributions of the torque transmission capabilties of the double 
lap joints with respect to the thicknesses of the inner and outer layers of the female 
adherends when the adhesive shear strength was 30 MPa, and the thickness of the male 
adherend was 3.0mm. Table IV shows the conditions for the maximum torque 

L 
FIGURE 3 
adherend, Q represents the inner adherend). 

Configuration of the adhesively bonded tubular single lap joint (0 represents the outer 
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I outer laver 

Oh 10 20 30 

28 1 

bonding length (mm) 

(b) 

FIGURE4 Shear stress distributions in the adhesive layers when the applied torque was 1000N.m 
(a) 0.1 mm adhesive thickness (b) l.Omrn adhesive thickness. 

transmission capabilities. From Figure 4, it was found that there was only one 
condition for the maximum torque transmission capability for each adhesive thickness, 
in which the relationship J ,  = J ,  + J ,  is satisfied approximately. This relationship is 
similar to that of the adhesively bonded tubular double lap joint which has the 
maximum torque transmission capability when the magnitudes of polar moments of 
inertia of the two adherends are the same. 
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TABLE I 1  
Calculated torque transmission capabilities of adhesively bonded tubular single and double lap joints when 

the adhesive shear strength was 30 MPa 

Single lap joint Double lap joint Note 

0.1 mm adhesive thickness 1,162Nm 1,702 Nm 46% improved 
I .0 mm adhesive thickness 3,080 N m  4,967Nm 61 % improved 

TABLE 111 
Simulation conditions of the effect of the adherend thickness on 

the torque transmission capabilities 

tod of Q),Q = 0.5 - 4.0 mm 

0.1 mm adhesive I.0mm adhesive 
thickness thickness 

r,,(mm) 30.0 30.0 
rli(mm) 27.0 27.0 
r,,(mm) 30.1 + fad Q 31.0 + tndQ 
r d m m )  30.1 31.0 
r,,(mm) 26.9 26.0 
r3Jmm) 26.9 - todB 26.0 - t , d a  
d m m )  0.1 
4mm) 40.0 
Shear modulus 16.9 

of the adherend 
G p a )  

(GPa)  

adhesive (MPa) 

Shear modulus 0.461 
of the adhesive 

Shear strength of the 30.0 

tad = thickness of the adherend 

TABLE IV 
Parameter values of the adhesively bonded tubular double lap 

joint for the maximum torque transmission capability 

0.1 mm adhesive 1.0mm adhesive 
thickness thickness 

Thickness of the 3.00 3.00 

Thickness of the 1.24 1.32 

Thickness of the 1.90 2.10 

J ,  10- 7 m4) 4.376 4.316 
~ ~ ( 1 0 -  m4) 2.260 2.633 
J J  1 0 - 7  m4) 2.089 2.530 
Torque (N,m)  2,149 6,375 

adherend a ( m m )  

adherend Q ( m m )  

adherend a ( m m )  
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E 
E - 

0 
4.00 

3.50 

3.00 

2.50 

2.00 

1.50 

1 .DO 

0.50 

Thickness of the outer layer @ of the female adherend (mm) 
(b) 

FIGURE 5 
and 0 when the adhesive shear strength was 30MPa (a) 0.1 mm adhesive thickness (b) 1.0mm adhesive 
thickness. 

Distributions of the torque tranmission capabilities w.r.t. the thicknesses of the adherends 

CONCLUSION 

In this work, closed-form solutions for the stress distribution and torque transmission 
capability of the adhesively bonded tubular double lap joint were derived and 
compared with those of the single lap joint. 
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284 S. J. LEE AND D. G. LEE 

From the solution, it was found that the torque transmission capabilities of the 
double lap joint whose outer diameter was 68mm were improved 46% and 61% 
compared with those of the single lap joint when adhesive thicknesses were 0.1 and 
l.Omm, respectively. Also, it was found that the adherend thickness for the maximum 
torque transmission capability was unique, such that the polar moments of inertia of 
the male and female adherends had the relationship J ,  z J ,  + J , .  

References 

1 .  R .  D. Adams, and N. A. Peppiatt, “Stress Analysis of Adhesive Bonded Tubular Lap Joints,” J. Adhesion 

2. R. S. Alwar and Y. R. Nagaraja, “Viscoelastic Analysis of an Adhesive Tubular Joint,” J. Adhesion 8, 

3. 0. T. Thomsen, and A. Kildegaard, “Analysis of Adhesive Bonded Generally Orthotropic Circular 
Shells,” in Deuelopments in the Science and Technology ofcomposi te  Materials, Proceedings of the Fourth 
European Conference of Composite Materials, pp. 723-729 (September 25-28, 1990, Stuttgart, 
Germany). 

9, 1-18 (1977). 

79-92 (1976). 

4. C. T. Chon, “Analysis of Tubular Lap Joint in Torsion,” J. Composite Mater. ,  16,268-284 (1982). 
5. P. J. Hipol, “Analysis and Optimization of a Tubular Lap Joint Subjected to Torsion,” J .  Composite 

6. L. J .  Hart-Smith, “Further Developments in the Design and Analysis of Adhesive Bonded Structural 

7. D. G. Lee, K. S. Kim, and Y. T. Lim, “An Experimental Study of Fatigue Strength for Adhesively Bonded 

8. S. J. Lee, and D. G. Lee,“Development ofa Failure Model for the Adhesively Bonded Tubular Single Lap 

Mater.  18,298-311 (1984). 

Joints in Joining of Composite Materials,” ASTM, STP 749,3-31 (1981). 

Tubular Single Lap Joints,” J. Adhesion 35, 39-53 (1991). 

Joint,”J. Adhesion 40, 1-14(1992). 

APPENDIX 

The analytic solutions for the shear stress distribution in the adhesive of the adhesively 
bonded tubular single lap joint given by Adams’ are summarized as follows. 

1 cosh(uz) - I) sinh(uz) 
TU 1 - I) (1 - cosh(d)) 

2na “ = [ { sinh(u1) 

where 

6 =  
G2J2v 

G 1 J 1 1 2 0  

= GIJlrzo  + G,J,r l i  
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